Abstract-This paper describes dynamic simulation of rolling locomotion of a tensegrity robot. Tensegrity is a mechanical structure consisting of a set of rigid elements connected by elastic tensional elements. We have succeeded to build a robot with tensegrity structure that can roll over a flat ground and experimentally investigated how to drive the tensegrity robot. But, experimental investigation requires much time since a tensegrity robot has a large number of actuators. Thus, we will build a dynamic simulation of tensegrity robot rolling to evaluate the rolling performance via simulation. First, we show the prototype of a six-strut tensegrity robot, which is driven by twenty-four pneumatic McKibben actuators. Topology and geometry of the tensegrity robot are then described. Second, we will formulate dynamic motion of each strut using quaternion. Contact between a strut and the ground is formulated by constraint stabilization method. Finally, we show simulation results, which are compared with experimental results.
I. INTRODUCTION
This paper focuses on dynamic simulation of the rolling of a six-strut tensegrity robot. Recently, locomotion of soft material robots has been studied extensively [1] , [2] , [3] , [4] , [5] , [6] . Robots made of soft material may be able to change their shape for rough terrain locomotion, obstacle avoidance, and narrow passage locomotion. Robots may be able to utilize elastic energy stored in soft material for their locomotion and jumping. On the other hand, it is difficult to build larger robot bodies due to natural deformation of soft material. We have proposed to apply tensegrity structures into soft robots so that we can build larger bodies [7] , [8] .
Tensegrity is a mechanical structure consisting of a set of rigid elements connected by elastic tensional elements. Rigid elements, which are referred to as struts, are disconnected one another. The structure keeps its shape due to the balance among the tensile and compressive forces applied to the structure. Tensegrity is an abbreviation of tensile integrity. Tensegrity structure is firstly proposed in architecture [9] , [10] . Tensegrity structures are lightweight and flexible; they are applied to architectural designs of bridges and domes. In architecture, many studies have been conducted to investigate the properties of tensegrities [11] , [12] , [13] . Figure 1 shows a developed prototype of a six-strut tensegrity robot. This prototype consists of 6 rigid struts and 24 pneumatic McKibben actuators. Note that McKibben actuators exhibit elasticity in their expansion, working as tensional elements of a tensegrity structure. We have experimentally investigated locomotion of this prototype [14] . But, experimental investigation requires much time since S. Hirai is with Shenyang Institute of Automation, Chinese Academy of Science, China and with Department of Robotics, Ritsumeikan University, Japan. R. Imuta is with Graduate school of Science Engineering, Department of Robotics, Ritsumeikan University, Japan. a tensegrity robot has a large number of actuators. For example, we have investigated 24 C 2 = 276 pairs of actuators if each pair realizes rolling of the prototype. Thus, a dynamic simulation of tensegrity robot rolling is required to evaluate the rolling performance via simulation. The aim of this paper is to establish dynamic simulation of rolling of a six-strut tensegrity robot. This paper is organized as follows. Section II describes topology and geometry of a six-strut tensegrity robot. Section III focuses on motion of equations of individual struts of a six-strut tensegrity robot. Section IV provides simulation results and comparison between the simulation and experimental results. 
II. TENSEGRITY ROBOT

A. Topological Description of Tensegrity Robot
This section summarizes the topology of a six-strut tensegrity robot. A six-strut tensegrity robot forms an icosahedron, covered by eight regular triangles and twelve non-regular, isosceles triangles. Recall that an icosahedron consists of twelve vertices. Let us attach numbers to these twenty vertices, as illustrated in Fig. 2-(a) . This numbering is based on the standard in geometry [15] . Vertex numbers of our prototype is shown in Fig. 2-(b) .
Each strut is specified by a pair of vertices at its both ends. Vertices for individual struts are listed in Table I . Note that any vertex corresponds to either end of individual strut. For each strut, vertex in the left column is referred to as its positive vertex while vertex in the right column is referred to as its negative vertex. The positive and negative vertices of the i-th strut are represented as S i and T i , as shown in Fig. 3 . For example, the positive and negative vertices of strut 5 are vertex 6 and vertex 9, resulting that S 5 = 6 and T 5 = 9. Also, each McKibben actuator is specified by a pair of vertices at its both ends. Vertices for individual actuators are listed in Table II . For each actuator, vertex in the left column is referred to as its positive vertex while vertex in the right column is referred to as its negative vertex. The positive and negative vertices of the j-th actuator are represented as S a j and T a j , as shown in Fig. 4 . For example, S a 15 = 6 and T a 15 = 10.
B. Geometric Description of Tensegrity Robot
This section summarizes the geometry of a six-strut tensegrity robot. Assume that six strut have the same dimensions and mass properties. Let 2L be the length of a strut. Assume that the center of mass of a strut coincides with its center. Let O i be the center of mass of the i-th strut and O i − ξ i η i ζ i be a coordinate system attached on the strut. We will select ζ i -axis so that it coincides with the center line of the strut. We will determine the direction of ζ i -axis so that ζ i coordinate of the positive vertex of the i-th strut is equal to L while ζ i coordinate of its negative vertex is 
T be the positional vector of the center of mass of the i-th strut. Leti = [q i0 , q i1 , q i2 , q i3 ] T be a quaternion describing the orientation of the i-th strut [16] .
Note 
where Recalling that any vertex corresponds to either end of a strut, we can compute positional and velocity vectors of all vertices once x x x 1 ,1 ,ẋ x x 1 , and1 through x x x 6 ,6 ,ẋ x x 6 , and6 are given. Let x x x v k be positional vector of the k-th vertex. Procedure to calculate positional vectors x x x v 1 through x x x v 12 as well as velocity vectorsẋ x x v 1 throughẋ x x v 12 is given as Table III. TABLE II   ACTUATORS AND CORRESPONDING VERTICES   actuator #  vertices  1  1  2  2  1  3  3  1  5  4  1  6  5  2  3  6  2  7  7  2  11  8  3  4  9  3  8  10  4  5  11  4  8  12  4  9   actuator #  vertices  13  5  6  14  5  9  15  6  10  16  6  11  17  7  8  18  7  11  19  7  12  20  8  12  21  9  10  22  9  12  23  10  11  24 10 12 e j S a j T a j l j 
III. DYNAMICS OF TENSEGRITY ROBOT
A. Motion of Strut
Let us formulate the dynamics of a strut. The six-strut tensegrity robot consists of six identical struts. Assume that a strut is uniformly cylindrical. Let M and J be the mass of a strut and its inertia matrix around its center of mass. Letting f f f i be the resultant force applied to the strut, equation of translational motion of the i-th strut is simply formulated as
Recall that quaternioni = [q i0 , q i1 , q i2 , q i3 ] T specifies the orientation of the i-th strut. Equation stabilizing constraintT ii − 1 = 0 is formulated as −ii = r(i ,i ) where r(,) =
with a positive constant ν [17] . Angular velocity vector of the i-th strut is given by
where
Thus, we can formulate a Lagrangian consisting of rotational kinetic energy of the i-th strut, (1/2)ω ω ω T i Jω ω ω i , work done by external torque τ τ τ i , and the constraint. Combining the equation stabilizing the constraint and the Lagrange equation of motion, we finally have the following equation of the rotation of the i-th strut: Note that force vector f f f i should be described in space coordinate system O − xyz while torque vector τ τ τ i should be evaluated in object coordinate system O i − ξ i η i ζ i .
B. Resultant Force and Torque applied to Strut
Let us formulate forces exerted by the j-th actuator. Assume that twenty-four actuators have the same geometry and physical properties. Let L a be the natural length of an actuator, K be its spring constant, and B be its damping constant. Let P j be air pressure applied to the j-th actuator. Let A(P j ) be the magnitude of shrinking force of the j-th actuator at pressure P j .
Recall that S 
Time derivative of the above length is described aṡ
The magnitude of viscoelastic force is then given by K(l a j − L a ) + Bl a j . Unit vector from the positive to the negative vertices of the j-th actuator is given by Thus, forces acting at the positive to the negative vertices of the j-th actuator are formulated as − f j e e e j and f j e e e j , where
Force applied to a vertex is obtained by summing up all forces generated by actuators connected to the vertex. For example, force applied to vertex 4 is given by the sum of f 8 e e e 8 , − f 10 e e e 10 , − f 11 e e e 11 , and − f 12 e e e 12 , since actuators 8, 10, 11, and 12 are connected to vertex 4, as shown in Table II . Thus, we can calculate forces applied to individual vertices Contact states between strut and ground. We assume that each strut of a six-strut tensegrity robot is in one of the three contact states during robot rolling over a flat ground.
by actuators. Procedure to calculate those forces is shown in Table IV is applied to its negative vertex. Thus, the resultant force f f f i is described as and
Thus, the resultant torque τ τ τ i is described as
Consequently, we can compute resultant force f f f i and resultant torque τ τ τ i applied to the i-th strut. Given x x x 1 ,1 ,ẋ x x 1 , and1 through x x x 6 ,6 ,ẋ x x 6 , and6 Table IV . Thus, we can compute f f f 1 and τ τ τ 1 through f f f 6 and τ τ τ 6 using eqs. (6)(7), implying that we can computeẍ x x i andi using eqs. (2)(3). Consequently, applying any numerical integration of a set of ordinary differential equations, we can solve eqs. (2)(3) to compute the translational and rotational motion of a six-strut tensegrity robot.
C. Contact with Ground
During rolling of six-strut tensegrity robot over a flat ground, each strut has one contact state among the following three possible states, as shown in Fig. 5: • a strut has no contact with the ground.
• negative vertex of a strut is in contact with the ground.
• positive vertex of a strut is in contact with the ground. Transitions among the three contact states are shown in Fig. 6 . Here we introduce variable CS i ∈ {0, −, + }, which denotes the current state of the i-th strut. Symbols 0, −, and + represent no contact state, negative vertex contact state, and positive vertex contact state, respectively, of each strut. 
Let us derive equations of motion of a strut under positive vertex contact. Taking constraint z + i = 0 into Lagrangian, equations of motion of the i-th strut given in (2)(3) turn into as
where λ 
and 
Solving the above equations, we havë
i = a a a i,rot + λ
Namely, after calculating λ + i , we can obtainẍ x x i andi . Similarly, we can derive equations of motion of the ith strut in negative vertex contact. Let us introduce the following gradient vectors:
and scalar γ
. As a result, equations of motion of the i-th strut in negative vertex contact are described as follows:
i = a a a i,rot + λ where
Assume that the i-th strut is not in contact with the ground. Then, the motion of this strut is described by eqs. (2)(3). When z + i becomes below zero, the i-th strut turns into positive vertex contact, where eqs. (8)(9) govern its motion. When λ + i become positive, the contact at the positive vertex is lost, implying that the i-th strut returns to no contact state. Transition between no contact state and negative vertex contact is similarly described. Consequently, transitions among the three contact states of the i-th strut are summarized as shown in Fig. 6 . Procedure to calculateẍ x x i andi with updating CS i is summarized in Table V . Applying this procedure to any numerical integration method of a set of ordinary differential equations, we can simulate the rolling of a six-strut tensegrity robot. 
IV. SIMULATION
We have implemented the dynamic equations of motion of a six-strut tensegrity robot using MATLAB. We have determined geometric and physical parameters in simulation from a tensegrity robot prototype shown in Fig. 1 . The length of a strut is 0.57 m, its mass is m = 0.28 kg, and its inertia matrix is given by J = diag{ 0.73, 0.73, 0 } kg·m 2 , implying that rotation around ζ i -axis is not considered. The natural length of an actuator is 2L = 0.35 m and its spring and damping constants are K = 259 N/m and B = 16.7 N/(m/s).
Recall that a six-strut tensegrity robot forms an icosahedron, covered by eight regular triangles and twelve nonregular, isosceles triangles. Stable states of a six-strut tensegrity robot is characterized by one triangle contacting to the ground. A stable state corresponding to a regular triangle is referred to as axial symmetry contact while a state corresponding to a non-regular, isosceles triangle is referred to as planar symmetry contact. We have simulated rolling from an (a) triangle ( 1, 2, 3 ) (b) triangle ( 2, 7, 3 ) Fig. 9 . Rolling of a prototype from an axial symmetry contact (a) triangle ( 3, 4, 1 ) (b) triangle ( 1, 6, 2 ) Fig. 10 . Rolling of a prototype from a planar symmetry contact axial symmetry contact and another from a planar symmetry contact. Figure 7 shows a simulation result of a six-strut tensegrity robot rolling from an axial symmetric contact denoted by regular triangle ( 1, 2, 3 ) . We have applied air pressure of 0.5 MPa to actuators 1 and 7. Actuators generate force of 15.3 N at this pressure. We find that the robot rolls to a planar symmetric contact given by non-regular, isosceles triangle ( 2, 7, 3 ). Figure 8 shows a simulation result of a six-strut tensegrity robot rolling from a planar symmetric contact denoted by non-regular, isosceles triangle ( 3, 4, 1 ) . We have applied air pressure of 0.5 MPa to actuators 2 and 3. Actuators generate force of 15.3 N at this pressure. We find that the robot rolls to a planar symmetric contact given by non-regular, isosceles triangle ( 1, 6, 2 ).
Rolling corresponding to Fig. 7 performed by a prototype is shown in Fig. 9 . Rolling corresponding to Fig. 8 performed by a prototype is shown in Fig. 10 . The simulation results coincide with these experimental results.
V. CONCLUSION
In this paper, we have proposed a method to simulate the rolling of tensegrity robots. Configuration of a sixstrut tensegrity robot is specified a set of positional vectors and quaternions that describe positions and orientations of individual struts. We have introduced geometric constraints describing contact between each strut and the ground. Incorporating the constraints into the equations of motion of individual struts, we could simulate the rolling from an axial symmetry contact or a planar symmetry contact.
We have not introduced friction between each strut and the ground. We will introduce this friction to improve the accuracy of the simulation. We have assumed that both ends of each strut are conic and contact between each strut and the ground occur at either vertex. Each strut of a tensegrity robot prototype has balls at its end and spherical contact occurs when the strut contacts to the ground. Thus, we will reformulate the contact so that the shape of the ends of a strut is reflected to the simulation. In addition, we will simulate other tensegrity robots than six-strut ones.
